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1. INTRODUCTION
In this paper, we prove the existence of solutions for the reaction-diffu-
sion systems of the form
u  d u f x , t , u ,  ,u , in QŽ .t 1 T
  d   g x , t , u ,  ,u , in QŽ .t 2 T 1Ž .
u x , 0  u ,  x , 0  in Ž . Ž .0 0u  0 on  ,T
where  is an open bounded subset of N, with smooth boundary ,
 	  	Q  0, T ,    0, T , T 0,  denotes the LaplacianT T
1Ž .operator on L  with Dirichlet boundary conditions, d , d are positive1 2
constants, and the non-linearities f and g have critical growth with respect
 to u . With respect to u, we assume that f satisfies the ‘‘sign condition’’
uf x , t , u ,  ,u , 
 0, u ,   0, a.e. x , t Q . 2Ž . Ž . Ž .T
Moreover, these following main properties hold:
 The positivity of the solution is preserved with time, which is
ensured by
f x , t , 0,  , 0, s  0, g x , t , u , 0, r , 0  0,Ž . Ž .
Nfor a.e. x , t Q and u ,   0,  r , s 3Ž . Ž .Tu ,   0.0 0
 The total mass of the components u,  is controlled with time,
which is ensured by
f g
 L u  1 u ,   0,  r , sN , a.e. x , t Q , 4Ž . Ž . Ž .1 T
where L is a positive constant. Let us now point out that if the non-linear-1
Ž Ž . .ities f and g do not depend on the gradient system 1 is semi-linear , the
existence of global positive solutions have been obtained by Haraux and
	  	  	 Youkana 11 , Hollis et al. 10 , Hollis and Morgan 9 , and Martin and
	 Pierre 15 . One can see that in all of these works, the triangular structure,
Ž .namely hypotheses 4 and
f
 L u  1 , u ,   0,  r , sN , a.e. x , t Q 5Ž . Ž . Ž .2 T
Žplays an important role in the study of semi-linear systems in our case,
Ž . Ž . .hypothesis 5 is satisfied since by 2 , f
 0 whenever u,   0 . Indeed, if
Ž . Ž . 	 4 or 5 does not hold, Pierre and Schmitt 16 proved blow up in finite
time of the solutions to some semi-linear reaction-diffusion systems.
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	 When f and g depend on the gradient, Boudiba 6 solved the case
where the triangular structure is satisfied and the growth of f and g with
   respect to u ,  is sub-quadratic
2	there exists 1
m 2, C : 0,  0, non-decreasing such that. .
m m½        	 f u ,  ,u ,  g u ,  ,u , 
 C u ,  1 u   .Ž . Ž . Ž .
6Ž .
Ž .About the critical growth with respect to the gradient m 2 , we recall
Ž .that for the case of a single equation d  d and f g , existence results1 2
	 have been proved for the elliptic case in 2, 3, 12 . The corresponding
parabolic equations have also been studied by many authors; see for
	 instance 1, 5, 8, 13 .
In the present paper, to show the global existence result for the
  Ž .reaction-diffusion system with critical growth with respect to u m 2 ,
Ž .we truncate the system 1 then we give suitable estimates in the second
step. In the third step, we show the convergence of the approximating
	 problem by using a technique introduced by Boccardo et al. 5 and
	 Dall’aglio and Orsina 8 .
2. STATEMENT OF THE RESULT
2.1. Assumptions
Ž .First, we have to clarify in which sense we want to solve problem 1 .
Ž . Ž .DEFINITION 1. We say that u,  is a solution of 1 if
 1 1 1, 1	 u ,   C 0, T ; L   L 0, T ; W Ž . Ž .Ž . Ž .0
1f x , t , u ,  ,u , and g x , t , u ,  ,u ,  L QŽ . Ž . Ž .T
tu t  S t u  H S t s f ., s, u s ,  s ,u s , s ds,Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ž . d 0 0 d1 1
 t 0
t t  S t   H S t s g ., s, u s ,  s ,u s , s ds,Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ž .d 0 0 d2 2
 t 0,
7Ž .
1Ž .where S and S denote the semi-groups in L  generated by d d d 11 2
and d  with Dirichlet boundary conditions.2
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Let us, now introduce for f and g the hypotheses
 	 2 2 Nf , g :  0, T    are measurable. 8Ž .
f , g :2 2 N are locally Lipschitz continuous, 9Ž .
namely
f x , t , u ,  , p , q  f x , t , u ,  , p , qŽ . ˆ ˆ ˆ ˆŽ .
 g x , t , u ,  , p , q  g x , t , u ,  , p , qŽ . ˆ ˆ ˆ ˆŽ .
       
 K r u u     p p  q qŽ . ˆ ˆ ˆ ˆŽ .
               for a.e. x, t and for all 0
 u , u ,  ,  , p , p , q , q 
 r.ˆ ˆ ˆ ˆ
2 	     f x , t , u ,  ,u , 
 C u F x , t  u   , 10Ž . Ž . Ž . Ž .Ž .1
	 . 	 . 1Ž .where C : 0,  0, is non-decreasing, F L Q , and 1
 	 2.1 T
2 	       g x , t , u ,  ,u , 
 C u ,  G x , t  u   , 11Ž . Ž . Ž . Ž .Ž .2
	 .2 	 . 1Ž .where C : 0,  0, is non-decreasing, G L Q , and 1
 	 2.2 T
EXAMPLE 1. A typical example where the result of this paper can be
applied is
 2 u  d uu  u in QŽ .t 1 T
2   d   u  u in QŽ .t 2 T
u x , 0  u ,  x , 0  in Ž . Ž .0 0u  0 on  ,T
where  is a bounded function.
2.2. The Main Result
Ž . Ž . Ž . Ž . 2Ž .THEOREM 1. Assume that 2  4 and 8  11 hold. If u ,   L  ,0 0
Ž . Ž .then there exists a positie global solution u,  of system 1 . Moreoer,
2Ž 1Ž ..u,   L 0, T ; H  .0
Before giving the proof of the theorem, let us define the following
functions. Given a real positive number k, we set
T s max k , min k , s and G s  s T s . 4Ž . Ž . Ž . Ž .k k k
Ž . Ž .We remark that for 0
 s
 k, T s  s and T s  k for s k.k k
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3. PROOF OF THEOREM 1
3.1. Approximating Scheme
For every function h defined from 2 2 N into , we
ˆassociate h such that
h x , t , u ,  , p , q if u ,   0Ž .
h x , t , u , 0, p , q if u 0,  
 0Ž .hˆ x , t , u ,  , p , q Ž .
h x , t , 0,  , p , q if u
 0,   0Ž .h x , t , 0, 0, p , q if u ,  
 0,Ž .
and consider the system
 ˆ  	u  d u f x , t , u ,  ,u , in  0,Ž .t 1
 	  d   g x , t , u ,  ,u , in  0,Ž .ˆt 2 12Ž .
u x , 0  u ,  x , 0  in Ž . Ž .0 0  	u  0 on  0, .
ˆ Ž . Ž .It is obviously seen, by the structure of f and g, that systems 1 and 12ˆ
are equivalent on the set where u,   0. Consequently, to prove Theorem
Ž .1, we have to show that problem 12 has a weak solution which is positive.
Ž .To this end, we consider the truncated function 
 in C  such thatn c
0
 
 
 1,n
and
 1 if r 
 n

 r Ž .n ½  0 if r  n 1,
Ž .and the mollification with respect to x, t is defined as follows. Let
 Ž N . Ž . N C   such that supp  B 0, 1 , H  1,  0 on  c
Ž . N Ž . Ž N .and  y  n  ny . One can see that   C   , supp  n n c n
1 NŽ .B 0, , H   1 and   0 on  .n nn
n n Ž .We also consider non-decreasing sequences u ,   C  such that0 0 c
un u ,  n  in L2  ,Ž .0 0 0 0
and define for all x, t, u,  , p, q in 2 2 N,
f x , t , u ,  , p , qŽ .n
        
 u    p  q f ., ., u ,  , p , q   x , tŽ . Ž .Ž .n n
g x , t , u ,  , p , qŽ .n
        
 u    p  q g ., ., u ,  , p , q   x , t .Ž . Ž .Ž .n n
EXISTENCE FOR REACTION-DIFFUSION SYSTEMS 537
Note that these functions enjoy the same properties as f and g ; moreover
   they are Holder continuous with respect to x, t and f , g 
M , wheren n n
ŽM is a constant depending only on n these estimates can be derived fromn
Ž . .9 , the properties of the convolution product, and the fact that H   1 .n
Let us now consider the truncated system
u  d u  f x , t , u ,  ,u , in QŽ .n 1 n n n n n n Tt
  d   g x , t , u ,  ,u , in QŽ .n 2 n n n n n n Tt 13Ž .
n nu x , 0  u ,  x , 0  in Ž . Ž .n 0 n 0u   0 on  .n n T
Ž . Ž 	It is well known that problem 13 has a global classical solution see 14,
 	Theorem 7.1, p. 591 for the existence and 14, Corollary of Theorem 4.9,
 .p. 341 for the regularity of solutions . It remains to show the positivity of
the solutions.
Ž . Ž .LEMMA 1. Let u ,  be a classical solution of 13 and suppose thatn n
un,  n  0. Then u ,   0.0 0 n n
 t  tProof. Let u  e u and   e  ,  0.n n n n
Ž .By the first equations of 13 , we have
tu  e u  uŽ .n n nt t
t  e    .Ž .n n nt t
Ž .Consequently u ,  is a solution of the systemn n
 tu  u  d u  e f in Qn n 1 n n Tt
 t   d   e g in Qn n 2 n n T t 14Ž .
n nu x , 0  u , u x , 0  in Ž . Ž .n 0 n 0u  u  0 on  .n n T
Ž .Let Z  x , t be the minimum of u on Q . We will show that0 0 0 n T
Ž .u Z  0 which will imply that u  0 on Q and then u  0 on Q .n 0 n T n T
Ž .Suppose the contrary, namely u Z  0.n 0
 By the properties of the minimum, we can ensure that Z  0, T0
and
u Z  0, u Z  0, u Z  0 if 0 t  TŽ . Ž . Ž .n 0 n 0 n 0 0t
u Z 
 0, u Z  0, u Z  0 if t  T .Ž . Ž . Ž .n 0 n 0 n 0 0t
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Ž .Hence the first equation in 14 yields
u Z u Z  d u ZŽ . Ž . Ž .n 0 n 0 1 n 0t
 t0 e f Z , u Z ,  Z , 0, ZŽ . Ž . Ž .Ž .n 0 n 0 n 0 n 0
 t0 e f Z , u Z ,  Z , 0, Z .Ž . Ž . Ž .Ž .n 0 n 0 n 0 n 0
Ž . Ž .Now we use the structure of u Z and hypothesis 3 to writen 0
f Z , u Z ,  Z , 0, Z  f Z , 0,  Z , 0, Z  0.Ž . Ž . Ž . Ž . Ž .Ž . Ž .n 0 n 0 n 0 n 0 n 0 n 0 n 0
Ž .This implies that u Z  0 which is impossible by the hypotheses.n 0
Arguing in the same way for the second component  , we obtain then
Ž .positivity of u ,  .n n
3.2. A Priori Estimates
Ž . Ž .The hypotheses 3 and 4 allowed the following lemma.
LEMMA 2. There exists a constant M depending on H u , H  , L , T , 0  0 1
 and  such that
	 u t  t 
M for all t 0, T . 15Ž . Ž . Ž .Ž .H n n

Proof. We consider the equation satisfied by u n n
u   d u  d   f  g .Ž . Ž .n n 1 n 2 n n nt
Ž .Hypothesis 4 implies
u  
 d u  d   L u   1 .Ž . Ž . Ž .n n 1 n 2 n 1 n nt
1Ž . Ž 	 .Since u  0 and the operator  is dissipative on L  see 7 , thenn
u 
 0, and  
 0. 16Ž .H Hn n
 
Hence
u  
 L u   1 .Ž . Ž .H Hn n 1 n nt
 
	 Integrating this inequality on 0, t ,  0 t
 T , yields
tn nu  t 
 u   L u s  s  1 ds.Ž . Ž . Ž . Ž .Ž . Ž .H H HHn n 0 0 1 n n
  0 
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Thanks to Gronwall’s lemma, we obtain
n n  u  t 
 u   L Q exp L tŽ . Ž . Ž .Ž .H Hn n 0 0 1 T 1
 
 
 u   L Q exp L T .Ž . Ž .H 0 0 1 T 1

This ends the proof of the lemma.
LEMMA 3. There exists a constant R depending on T , H u , H  , L ,1  0  0 1
 L ,  such that2
f x , t , u ,  ,u ,  g x , t , u ,  ,u , 
 R .Ž . Ž .H n n n n n n n n n n 1

Proof. Considering the equations satisfied by u and  , we can writen n
f u  d u and g   d  .n n 1 n n n 2 nt t
Ž .Integrating on Q and using 16 , the positivity of the solutions yieldT
 f 
 un dx .H Hn 0
Q T
Ž .Hence by hypothesis 2
 f  f 
 u dx . 17Ž .H H Hn n 0
Q Q T T
Similarly, we get
 g 
  dx . 18Ž .H Hn 0
Q T
Ž . Ž .Moreover, by hypothesis 4 and 15 we have
 g 
 L MT Q  u dx . 19Ž .Ž .H Hn 1 T 0
Q T
Ž . Ž .By 18 and 19 we conclude that
   g 
 L MT Q  u dx .Ž .H Hn 1 T 0
Q T
Ž . 2LEMMA 4. i There exists a constant R depending on d , H u such2 1  0
that
  2u 
 R .H n 2
QT
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Ž . 2 2ii There exists a constant R depending on d , d , L , H u , H  ,3 1 2 1  0  0
  such that
  2 
 R .H n 3
QT
Ž . 2 2iii There exists a constant R depending on d , d , T , H u , H  , L4 1 2  0  0 1
  such that
2u  f x , t , u ,  , u , Ž . Ž .ŽH n n n n n n n
QT
 g x , t , u ,  , u ,  
 R .Ž . .n n n n n 4
Ž .Proof. i We multiply the first equation in the truncated problem by
u and we integrate on Q . We obtainn T
u u  d u u  f u .H H Hn n 1 n n n nt
Q Q QT T T
Ž .Since, by hypothesis 2 , u f 
 0, we haven n
1 22 n u 
 u dx .Ž .H Hn 0dQ 1T
Then
12 2 u 
 u dx .H Hn 0dQ 1T
Ž .ii We consider the equation satisfied by u  and we usen n
Ž .hypothesis 4 . We get
u   d  u   d  d u 
 L u   L . 20Ž . Ž . Ž . Ž . Ž .n n 2 n n 2 1 n 1 n n 1t
Ž .Ž . Ž . Ž .Set w  exp L t u  and multiply 20 by exp L t . We obtainn 1 n n 1
w  d w  d  d u exp L t 
 L exp L t 
 L .Ž . Ž . Ž .n 2 n 2 1 n 1 1 1 1t
Now, multiply by w and integrate on Qn T
  2w w  d w  d  d exp L t u  u Ž . Ž . Ž .H H Hn n 2 n 1 2 1 n n nt
Q Q QT T T

 L wH1 n
QT
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hence, by Lemma 2
  2d w  d  d exp L t u  u Ž . Ž . Ž .H H2 n 1 2 1 n n n
Q QT T
1
2
 w 0  L MT .Ž .H n 12 
Using Young’s inequality, we have
  2   2   2d w 
  w  C u exp 2 L tŽ .H H H2 n n  n 1
Q Q QT T T
1 2 u  0  L MT .Ž . Ž .H n n 12 
Ž .Then, by i
1 22 d   w 
 C R  u   L MT .Ž . Ž .H H2 n  2 0 0 12Q T
Ž .Now, using Young’s inequality another time and the fact that exp 2 L t1
Ž . 	  Ž . exp 2 L T , for all t 0, T , we end the proof of ii .1
Ž . Ž . Ž .iii Set R  L  L u   f  g  0, by hypothesis 4 .n 1 1 n n n n
Ž .Combining the equations of system 13 , we have
 2u    2 d u  d   f  R  L  L u  .Ž . Ž . Ž .n n 1 n 2 n n n 1 1 n nt
Ž .Multiplying by 2u  and integrating on Q yieldn n T
1 22u  T   2 d u  d   2u Ž . Ž . Ž . Ž .H Hn n 1 n 2 n n n2  QT
  2u  f  R  I J ,Ž . Ž .H n n n n
QT
where
I L 2u   L 2u  u Ž . Ž . Ž .H H1 n n 1 n n n n
Q QT T
and
1 2J 2u  0 .Ž . Ž .H n n2 
We have by Lemma 2
L 2u  
 2 L MT ,Ž .H1 n n 1
QT
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moreover
L 2u  u  
 C.Ž . Ž .H1 n n n n
QT
  2   2Since H u and H  are uniformly bounded with respect to n byQ n Q nT T
Ž . Ž .   2   2i and ii , then H u , H u are bounded too. Now, we investigateQ n Q nT T
the second term of the inequality
 2 d u  d   2u Ž . Ž .H 1 n 2 n n n
QT
  2   2 4d u  d   2 d  d u  ,Ž .H H H1 n 2 n 1 2 n n
Q Q QT T T
hence
1 2   2u  f  R 
 2u   2 d  d u  .Ž . Ž . Ž .Ž .H H Hn n n n 0 0 1 2 n n2Q  QT T
Using Young’s inequality we conclude that
 2u  f  RŽ . Ž .H n n n n
QT
1 2 2 2   
 2u   d  d u   ,Ž . Ž .H H H0 0 1 2 n n2  Q QT T
Ž . Ž .and by i , ii we obtain
 2u  f  RŽ . Ž .H n n n n
QT
1 2
 2u   d  d R  R . 21Ž . Ž . Ž . Ž .H 0 0 1 2 1 22 
Ž .have g  L  L u   f  R . Thenn 1 1 n n n n
     f  g 
 R  2 f  L  L u Ž .n n n n 1 1 n n
Ž .and 21 yields
2   2u  f  g 
 2u   2 d  d R  RŽ . Ž . Ž . Ž .Ž .H Hn n n n 0 0 1 2 1 2
Q T
2 2 L MT 2 L u  .Ž .H1 1 n n
QT
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Ž .2Since H u  is uniformly bounded with respect to n, we get theQ n nT
result.
Ž . 2LEMMA 5. i There exists a constant R depending on d , H u such5 1  0
that
  2T u 
 R .Ž .H k n 5
QT
Ž . 2 2ii There exists a constant R depending on d , d , L , H u , H  ,6 1 2 1  0  0
such that
  2T  
 R .Ž .H k n 6
QT
Ž .Proof. i We have
  2   2   2u  u  u 
 R .H H Hn n n 2
	  	 Q u k u kT n n
  2Then, since H u  0	u  k  nn
  2T u 
 R .Ž .H k n 2
QT
Ž .ii Similarly, we get
  2T  
 R .Ž .H k n 3
QT
These estimates enable us to study the convergence of the truncated
problem.
3.3. Conergence
Ž . Ž .Our objective is to show that u ,  converges to some u,  solutionn n
Ž . n nof the problem 7 . The sequences u and  are uniformly bounded in0 0
1Ž . Ž 2Ž ..L  since they converge in L  , and by Lemma 3, the non-linearities
1Ž .f and g are uniformly bounded in L Q . Then according to a result inn n T
	 4 , the applications
un , f  u , and  n , g  Ž . Ž .0 n n 0 n n
1Ž . 1Ž . 1Ž 1, 1Ž ..are compact from L   L Q into L 0, T ; W  .T 0
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Ž .Therefore, we can extract a subsequence, still denoted by u ,  , suchn n
that
u ,   u ,  in L1 0, T ; W 1, 1 Ž . Ž . Ž .Ž .n n 0
u ,   u ,  a.e. in QŽ . Ž .n n T
u ,  u , a.e. in Q .Ž . Ž .n n T
Since f and g are continuous, we haven n
f x , t , u ,  ,u ,  f x , t , u ,  ,u , a.e. in QŽ . Ž .n n n n n T
g x , t , u ,  ,u ,  g x , t , u ,  ,u , a.e. in Q .Ž . Ž .n n n n n T
Ž . Ž .This is not sufficient to ensure that u,  is a solution of 7 . In fact, we
1Ž .have to prove that the previous convergences are in L Q . In view of theT
Ž . ŽVitali theorem, to show that f x, t, u ,  , u ,  respectivelyn n n n n
Ž .. Ž . Žg x, t, u ,  ,u , converges to f x, t, u,  ,u, respectively ton n n n n
Ž .. 1Ž . Ž Žg x, t, u,  ,u, in L Q , is equivalent to proving that f x, t, u ,T n n
.. Ž Ž .. , u ,  and g x, t, u ,  , u ,  are equi-integrable inn n n n n n n n n n
1Ž .L Q .T
Ž Ž .. Ž Ž ..LEMMA 6. f x, t, u ,  ,u , and g x, t, u ,  ,u ,n n n n n n n n n n n n
1Ž .are equi-integrable in L Q .T
The proof of this lemma requires the following result based on some
Ž .properties of two time-regularizations denoted by u and u  ,  0 
2Ž 1Ž .. Ž .which we define for a function u L 0, T ; H  such that u 0  u 0 0
2Ž . Ž .L  for more details see the Appendix . In the following we will denote
Ž .  Ž .by   a quantity that tends to zero as  tends to zero, and   a
quantity that tends to zero for every fixed  as  tends to zero.
Ž . 2Ž 1Ž .. Ž	 .LEMMA 7. Let u be a sequence in L 0, T ; H   C 0, T suchn n 0
Ž . n 2Ž . Ž . 2Žthat u 0  u  L  and u     with   L 0, T ;n 0 n t 1, n 2, n 1, n
1Ž .. 1Ž .H  and   L Q . Moreoer assume that u conerges to u in2, n T n
2Ž . n Ž . 2Ž .L Q , and u conerges to u 0 in L  .T 0
1 Ž	 . Ž .Let  be a function in C 0, T such that  0, 
 0,  T  0.
0Ž . Ž .Let  be a Lipschitz increasing function in C  such that  0  0.
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Then for all k,  0,
 , T u  T u    T u  T u² :Ž . Ž . Ž . Ž .Ž . Ž .H 1n k n k m 2 n k n k m
QT
1 1
 , n       0  T u  T u 0 dxŽ . Ž . Ž . Ž .Ž .H k kž / ž /m n 
 G u 0  0  T u  T u 0 dx ,Ž . Ž . Ž . Ž . Ž . Ž .Ž .H k k k

Ž . t Ž . Ž . Ž .where  t  H  s ds and G s  s T s .0 k k
Proof. For sake of brevity, we set
 T u  T u and   T u  T u .Ž . Ž . Ž . Ž .Ž . Ž . k n k m  k n k m
Ž .We have, by construction see Lemma 7 in the Appendix
² : ,     dx dtH1n 2 n
QT
² : lim  ,     dx dtH1n  2 n 0 QT
 lim u  dx dt .Ž .H n t0 QT
Note also that
lim u   lim T u G u Ž . Ž . Ž .Ž .H Hn  k n k n t t 0 0Q QT T
 lim I   I   I  ,Ž . Ž . Ž .1 2 30
Ž . Ž Ž . Ž . . Ž . Ž Ž . .where I   H T u  T u  , I   H T u  , and1 Q k n k m  t  2 Q k m  t T T
Ž . Ž Ž ..I   H G u  .3 Q k n t T
By the definition of , we can write
d
I    T u  T uŽ . Ž . Ž .Ž .H 1 k n k mdtQT
  0  T u  T u 0 dxŽ . Ž . Ž . Ž .Ž .H k n k m

  T u  T u .Ž . Ž .Ž .H k n k m
QT
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Since 
 0 and  0, we have
lim I   lim  0  T u  T u 0 dx .Ž . Ž . Ž . Ž . Ž .Ž .H 1 k n k m 0 0 
On the other hand
lim  0  T u  T u 0Ž . Ž . Ž . Ž .Ž .H k n k m0 
1
 , n    0  T u  T u 0Ž . Ž . Ž . Ž .Ž .H k n kž /m 
1 1
 , n       0  T u  T u 0 .Ž . Ž . Ž . Ž .Ž .H k kž / ž /m n 
We conclude
1 1
 , n lim I     Ž .1 ž / ž / m n0
  0  T u  T u 0 dx .Ž . Ž . Ž . Ž .Ž .H k k

Moreover
lim I Ž .20
   T u  T u  T u  T uŽ . Ž . Ž . Ž .Ž . Ž .H  k m k m k n k m
QT
1
 , n     T u  T u  T u  T uŽ . Ž . Ž . Ž .Ž . Ž . H k k k n kž /m QT
1 1
 , n    ž / ž /m n
   T u  T u  T u  T u .Ž . Ž . Ž . Ž .Ž . Ž . H k k k k
QT
Ž .Since s s  0 and  0, we conclude
1 1
 , n lim I      .Ž .2 ž / ž / m n0
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Ž .For the remaining term I  , we have3
lim I   lim I   I   I  , whereŽ . Ž . Ž . Ž .3 3.1 3.2 3.3 0 0
I   G u  T u  T uŽ . Ž . Ž . Ž .Ž .H 3.1 k n k n k m
QT
I   G u  T u  T uŽ . Ž . Ž . Ž .Ž .H 3.2 k n k n k m
QT
 T u  T uŽ . Ž .Ž .k n k m t
I   G u 0  0  T u  T u 0 dx .Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ž .H 3.3 k n k n k m

One can see that
lim I Ž .3.10
1
 , n   G u  T u  T uŽ . Ž . Ž .Ž .H k n k n kž /m QT
1 1
 , n      G u  T u  T u .Ž . Ž . Ž .Ž .H k k kž / ž /m n QT
Ž . Ž Ž . Ž . .The last term is nonnegative since 
 0, and G u  T u  T u k k k 
0. Then
1 1
 , n lim I      .Ž .3.1 ž / ž / m n0
Ž .Ž Ž .. Ž Ž . .Furthermore, since G u T u  0 a.e. in Q and T u k n k n t T k m  t
Ž Ž . Ž . . Ž . T u  T u see the Appendixk m k m 
lim I Ž .3.20
  G u  T u  T u T u  T uŽ . Ž . Ž . Ž . Ž .Ž . Ž .H  k n k n k m k m k m
QT
1
 , n    G u  T u  T uŽ . Ž . Ž .Ž .H k n k n kž /m QT
 T u  T u .Ž . Ž .Ž .k k
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Hence
1 1
 , n lim I     Ž .3.2 ž / ž / m n0
  G u  T u  T u T u  T u .Ž . Ž . Ž . Ž . Ž .Ž . Ž . H k k k k k
QT
Ž .We investigate I  ,3.3
lim I Ž .3.30
 G u 0  0  T u  T u 0 dxŽ . Ž . Ž . Ž . Ž . Ž .Ž .H k n k n k m

1
 , n   G u 0  0  T u  T u 0 dxŽ . Ž . Ž . Ž . Ž . Ž .Ž .H k n k n kž /m 
1 1
 , n      G u 0  0 Ž . Ž . Ž .H kž / ž /m n 
 T u  T u 0 dx .Ž . Ž . Ž .Ž .k k
Ž . Ž Ž . Ž . .Ž Ž . Ž . .In conclusion, since H G u  T u  T u T u  T u  0,Q k k k  k k T
we have
1 1
 , n lim I     Ž .3 ž / ž / m n0
 G u 0  0  T u  T u 0 dx .Ž . Ž . Ž . Ž . Ž . Ž .Ž .H k k k

This ends the proof of the lemma.
Proof of Lemma 6. Let K be a measurable subset of Q . We haveT
f x , t , u ,  ,u ,Ž .H n n n n n
K
      f  f  fH H Hn n n
	  	  	 K u k K u 
k ,  k K u 
k ,  
kn n n n n
 I  I  I .1 2 3
EXISTENCE FOR REACTION-DIFFUSION SYSTEMS 549
Using Lemma 4, we obtain for k large enough
R 4
I 
 
1 k 3
R 4
I 
 
 .2 k 3
Ž .Now, using hypothesis 10 , we write
2 	     I 
 C u F x , t  u   .Ž .Ž .H3 1 n n n
	 K u 
k ,  
kn n
Then
2 	   I 
 C k F x , t  u   .Ž . Ž .H H H3 1 n n
	  	 K K u 
k ,  
k K u 
k ,  
kn n n n
The third integral can be controlled by using Holder’s inequality for 	 2,
	 2	 	 2		 2 2 2 2 2        
  K 
 R K ,H Hn n 3	 K u 
k ,  
k Kn n
where in the last inequality we used Lemma 4. Therefore
	 2	 2
2 2   I 
 C k F x , t  R K  T u .Ž . Ž . Ž .H H3 1 k n3
K K
Similarly, we get
1 1
       g 
 u g   g  gH H H Hn n n n n nk k 	 K Q Q K u 
k ,  
kT T n n
  	 2	 2
2 2   
   C k , k G x , t  R K  T u .Ž . Ž . Ž .H H2 k n33 3 K K
Ž  Ž .  2 .For the remaining term, we must prove that T u is equi-integra-k n n
1Ž . Ž . Ž .ble in L Q . To do this we will show that T u converges to T u inT k n k
2Ž 1Ž ..L 0, T ; H  ; more precisely we will show that0
  2lim T u  T u  0.Ž . Ž .H k n k
n Qt
Let k and  be positive real numbers, let m, and choose  a test
Ž . Ž 2 .function as in Lemma 7; define  by  s  s exp s , with  to be fixed
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	 later. We will use a technique introduced by Boccardo et al. 5 , we will
Ž .multiply the first equation in the truncated problem 13 by the function
Ž Ž . Ž . .test  T u  T u , then we will integrate on Q . Finally we willk n k m  T
use Lemma 7 to get the result.
2Ž 1Ž ..Since u     , where   d u  L 0, T ; H  andn 1.n 2.n 1.n 1 nt 1Ž .  f  L Q , we have by Lemma 72. n n T
u  T u  T uŽ . Ž .Ž .H n k n k mt
QT
1 1
 , n       0  T u  T u dxŽ . Ž . Ž .Ž .H k kž / ž /m n 
 G u 0  0  T u  T u 0 dx .Ž . Ž . Ž . Ž . Ž . Ž .Ž .H k k k

Hence
d u  T u  T u  T u  T uŽ . Ž . Ž . Ž .Ž . Ž .H  1 n k n k m k n k m
QT
 f  T u  T uŽ . Ž .Ž .H n k n k m
QT
1 1
 , n 
      0  T u  T uŽ . Ž . Ž .Ž .H k kž / ž /m n 
 G u 0  0  T u  T u 0Ž . Ž . Ž . Ž . Ž . Ž .Ž .H k k k

1 1 1
 , n 
      ,ž / ž / ž /m n 
Ž . Ž . 2Ž 1Ž .. Ž .since T u  T u in L 0, T ; H  see Lemma 9 in the Appendix .k  k 0
Let
I d u  T u  T u  T u  T u ,Ž . Ž . Ž . Ž .Ž . Ž .H  1 n k n k m k n k m
QT
J f  T u  T u .Ž . Ž .Ž .H n k n k m
QT
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The term I can be written as
I d T u  T u  T u  T u  T uŽ . Ž . Ž . Ž . Ž .Ž . Ž .H  1 k n k n k m k n k m
QT
 d u  T u  T u  T u  T uŽ . Ž . Ž . Ž .Ž . Ž .H  1 n k n k m k n k m
	 u kn
 I  I .1 2
For I , we have2
I d u  T u  T u  T u Ž . Ž . Ž .Ž . Ž .H  2 1 n k n k m k m 	u  k n
QT
1
 , n   d u  T u  T u  T u Ž . Ž . Ž .Ž . Ž . H1 n k n k k 	u  k nž /m QT
1
 , n   d u  T u  T uŽ . Ž .Ž .H1 n k n kž /m QT
  T u  Ž .Ž .k 	u  k  	u k n
 d u  T u  T u  T u  Ž . Ž . Ž .Ž . Ž . H1 n k n k k 	u  k  	u k n
QT
1
 , n   I  I .2.1 2.2ž /m
For I , we have by Holder’s inequality2.1
  2I 
 d u  T u  T u  T u  .Ž . Ž . Ž . 2Ž . Ž . Ž .L Q2.1 1 n k n k k 	u k  Ž .L QT T
Ž Ž . Ž . . Ž .Using the fact that  T u  T u 
  2k , and Lemma 4, wek n k 
obtain
1
 I 
 d C  T u   Ž . 2Ž .2.1 1 k 	u k  Ž .L QT ž /
Ž . Ž . 2Ž 1Ž .. Ž .since T u  T u in L 0, T ; H  , and T u   0 a.e. ink  k 0 k 	u k 
Q . Now we study the term IT 2.2
I d u  T u  T uŽ . Ž .Ž .H2.2 1 n k n k
QT
1
  T u    Ž .Ž .k 	u  k  	u k n ž /n
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since    0 a.e. in Q . Thus	u  k  	u k  Tn
1 1 1
 , n I       .2 ž / ž / ž /m n 
We investigate I ,1
1
 , nI    d T u  T u  T uŽ . Ž . Ž .Ž .H1 1 k n k n kž /m QT
 T u  T uŽ . Ž .Ž .k n k
1
 , n   d  T u  T u  T u  T uŽ . Ž . Ž . Ž .Ž . Ž .H1 k n k k n kž /m QT
 T u  T uŽ . Ž .Ž .k n k
d T u  T u  T u  T u  T uŽ . Ž . Ž . Ž . Ž .Ž . Ž . H1 k k n k k n k
QT
1 1
 , n      d T u  T u  T uŽ . Ž . Ž .Ž .H1 k k kž / ž /m n QT
 T u  T uŽ . Ž .Ž .k k
d  T u  T u  T u  T uŽ . Ž . Ž . Ž .Ž . Ž .H1 k n k k n k
QT
 T u  T uŽ . Ž .Ž .k n k
1 1 1
 , n      ž / ž / ž /m n 
  2d T u  T u  T u  T uŽ . Ž . Ž . Ž .Ž . Ž .H1 k n k k n k
QT
d  T u  T u  T u  T uŽ . Ž . Ž . Ž .Ž . Ž .H1 k n k k n k
QT
 T u  T uŽ . Ž .Ž .k k
1 1 1
 , n      ž / ž / ž /m n 
  2d T u  T u  T u  T u .Ž . Ž . Ž . Ž .Ž . Ž .H1 k n k k n k
QT
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Hence
1 1 1
 , n I     ž / ž / ž /m n 
  2 d T u  T u  T u  T u .Ž . Ž . Ž . Ž .Ž . Ž .H1 k n k k n k
QT
For J, we have
1
 , nJ   f  T u  T uŽ . Ž .Ž .H n k n kž /m QT
1
 , n   f  T u  T uŽ . Ž .Ž .H n k n kž /m 	 u kn
 f  T u  T u .Ž . Ž .Ž .H n k n k
	 u 
kn
Then
1
 , nJ   f  T u  T u .Ž . Ž .Ž .H n k n kž /m 	 u 
kn
Ž Ž . Ž . . 	 Since  T u  T u  0 on u  k ,  0 and f  0 by hy-k n k  n n
Ž . Ž .potheses 2 and 3 . On the other hand
f  T u  T uŽ . Ž .Ž .H n k n k
	 u 
kn

 C k F x , t   T u  T uŽ . Ž . Ž . Ž .Ž .H1 k n k
	 u 
kn
	  C k    T u  T uŽ . Ž . Ž .Ž .H1 n k n k
	 u 
kn
2  C k T u   T u  T u .Ž . Ž . Ž . Ž .Ž .H1 k n k n k
	 u 
kn
We set
1 1
J  C k F x , t   T u  T u     .Ž . Ž . Ž . Ž .Ž .H1 1 k n k ž / ž /n 	 u 
kn
Since 	 2, we have
1 1
	  J  C k    T u  T u     ,Ž . Ž . Ž .Ž .H2 1 n k n k ž / ž /n 	 u 
kn
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and
2
J  C k T u   T u  T uŽ . Ž . Ž . Ž .Ž .H3 1 k n k n k
	 u 
kn
2 C k  T u  T u   T u  T uŽ . Ž . Ž . Ž . Ž .Ž . Ž .H1 k n k k n k
	 u 
kn
 2C k T u T u   T u  T uŽ . Ž . Ž . Ž . Ž .Ž .H1 k n k k n k
	 u 
kn
2  C k T u   T u  T uŽ . Ž . Ž . Ž .Ž .H1 k k n k
	 u 
kn
1 1
   ž / ž /n 
2 C k  T u  T u   T u  T u .Ž . Ž . Ž . Ž . Ž .Ž . Ž .H1 k n k k n k
	 u 
kn
Thus
 f  T u  T uŽ . Ž .Ž .H n k n k
	 u 
kn
1 1
   ž / ž /n 
2 C k  T u  T u   T u  T uŽ . Ž . Ž . Ž . Ž .Ž . Ž .H1 k n k k n k
	 u 
kn
hence
1 1
J   ž / ž /n 
2 C k  T u  T u   T u  T u .Ž . Ž . Ž . Ž . Ž .Ž . Ž .H1 k n k k n k
	 u 
kn
Then
1 1 1
 , n I J
      .ž / ž / ž /m n 
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We conclude that
2
  T u  T u d  T u  T uŽ . Ž . Ž . Ž .Ž . Ž .Ž H k n k 1 k n k
QT
C k  T u  T uŽ . Ž . Ž .Ž . .1 k n k
1 1 1
 , n 
      .ž / ž / ž /m n 
2Ž . 2Now, choose  such that  C k 4d . Then we have1 1
d1
 d  s  C k  s  ,Ž . Ž . Ž .1 1 2
and this ends the proof.
APPENDIX
Here, we give some technical lemmas concerning some properties of the
time derivative u .nt
	  2Ž 1Ž .. Ž	  2Ž ..LEMMA 8 5 . Let u be a function in L 0, T ; H   C 0, T , L 0
such that
u  	  	 , 	  L2 0, T ; H1  ,Ž .Ž .t 1 2 1
	  L1 Q , u 0  u  L2  .Ž . Ž . Ž .2 T 0
Ž .Then there exists a sequence u such that
u  L2 0, T ; H 1  , u  L2 0, T ; H 1  ,Ž . Ž . Ž .Ž .Ž . 0  t
u  	  	 Ž . 1 2t
and
u  u in L2 0, T ; H 1 Ž .Ž . 0
	  	 in L2 0, T ; H1 Ž .Ž .1 1
	  	 in L1 QŽ .2 2 T
u 0  u in L2  .Ž . Ž . 0
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We also introduce the following time-regularization of functions u
2Ž 1Ž ..L 0, T ; H  . Given  0, we define0
t
u t  exp  t u   u s exp  s t ds,Ž . Ž . Ž . Ž .Ž .H 0
0
where u is the solution of the elliptic problem0
1
 u  u  u0 0 0 
 1 2u H H  .Ž .0 0
Ž . Ž .  2Ž .One can see that u   u u , and u  u in L  . Furthermore, t  0 0
we have the following lemma.
2Ž 1Ž .. Ž	  2Ž ..LEMMA 9. Let u be a function in L 0, T ; H   C 0, T , L 0
Ž . 2Ž .such that u 0  u  L  . Then0
Ž . 2Ž 1Ž ..i u conerges to u strongly in L 0, T ; H  . 0
Ž .  Ž . Ž . ii T u t 
 k.k 
ACKNOWLEDGMENTS
The authors thank Professor Michel Pierre for his valuable discussions during his stay in
Marrakech. They also thank the referee for pointing out some comments and misprints.
REFERENCES
1. N. Alaa, Solutions faibles d’equations paraboliques quasi-lineaires avec donnees initiales´ ´ ´
Ž .mesures, Ann. Math. Blaise Pascal 3 1996 , 115.
2. N. Alaa and M. Pierre, Weak solutions for some quasi-linear elliptic equations with data
Ž .measures, SIAM J. Math. Anal. 24 1993 , 2335.
3. A. Bensoussan, L. Boccardo, and F. Murat, On a nonlinear P.D.E. having natural growth
Ž .terms and unbounded solutions, Ann. Inst. H. Poincare Anal. Non Lineaire 5 1988 ,´ ´
347364.
4. P. Baras, J. C. Hassan, and L. Veron, Compacite de l’operateur definissant la solution´ ´ ´
Ž .d’une equation non homogene, C.R. Acad. Sci. Paris Ser. A 284 1977 , 799802.´ `
5. L. Boccardo, F. Murat, and J. P. Puel, Existence results for some quasilinear parabolic
Ž .equations, Nonlinear Anal. 13 1989 , 373392.
6. N. Boudiba, ‘‘Existence globale pour des systemes de reaction-diffusion paraboliques` ´
quasilineaires,’’ These de troisieme cycle, Universite des Sciences et de la Technologie´ ` ` ´
Houari Boumediene d’Alger, 1995.
7. H. Brezis and W. Strauss, Semi-linear second order elliptic equations in L1, J. Math. Soc.
Ž .Japan 25 1973 , 565590.
EXISTENCE FOR REACTION-DIFFUSION SYSTEMS 557
8. A. Dall’aglio and L. Orsina, Nonlinear parabolic equations with natural growth conditions
1 Ž .and L data, Nonlinear Anal. 27 1996 , 5973.
9. S. Hollis and J. Morgan, Interior estimates for a class of reaction-diffusion systems from
1 Ž .L a priori estimates, J. Differential Equations 98 1992 , 260276.
10. S. Hollis, R. H. Martin, and M. Pierre, Global existence and boundedness in reaction-dif-
Ž .fusion systems, SIAM J. Math Anal. 18 1987 , 744761.
11. A. Haraux and A. Youkana, On result of K. Masuda concerning reaction-diffusion
Ž .equation, Tohoku Math. J. 40 1988 , 159163.ˆ
12. R. Landes, Solvability of perturbed elliptic equations with critical growth exponent for the
Ž .gradient, J. Math. Anal. Appl. 139 1989 , 6377.
13. R. Landes and V. Mustonen, On parabolic initial-boundary value problems with critical
Ž .growth for the gradient, Ann. Inst. H. Poincare Anal. Non Lineaire 11 1994 , 135158.´ ´
14. O. A. Ladyzhenskaya, V. A. Solonikov, and N. N. Ural’ceva, ‘‘Linear and Quasi Linear
Equations of Parabolic Type,’’ Translation of Mathematical Monographs, Vol. 23, Amer.
Math. Soc., Providence, 1968.
15. R. H. Martin and M. Pierre, Nonlinear reaction-diffusion systems, in ‘‘Nonlinear Equa-
Ž .tions in the Applied Sciences’’ W. F. Ames, C. Rogers, and Kapell, Eds. . Academic
Press, San Diego, 1992.
16. M. Pierre and D. Schmitt, ‘‘Existence globale ou explosion pour les systemes de`
reaction-diffusion avec controle de masse,’’ These de Doctorat, Universite Henri Poincare,´ ˆ ` ´ ´
Nancy I, 1995.
